A NAIVE ENCODING OF RUSSELL’S PARADOX IN TYPE THEORY

QU ZHUOYUAN

ABSTRACT. Russell’s paradox is the most easily understandable way to illustrate the incon-
sistency of naive set theory. This note proposes a direct encoding of Russell’s paradox with
type-in-type universe, sigma types, and either extensional identity or intensional identity
with the uniqueness of identity proofs (UIP).

1 Background

It is well-known that a "type in type” system can construct Girard’s paradox[l], breaking
consistency. The paradox is the type-theoretic analogue of Burali-Forti paradox. But there are
not many attempts on Russell’s paradox. Coquand[2] used W-types (general inductive types)
to make a tree that corresponds to Russell’s paradoxical set. It is a quite old paper, 1Lab
project has a nice formalization in Agda[3]. In this note, we will show a way to formalize
Russell’s paradox in a type-in-type system with sigma-types and identity types with UIP.
2 Russell’s paradox in set theory

In a naive set theory, Russell constructed a set where all of its elements are not members of
the element itself, written as R := {z € V|z & z}, where V is the set of all sets including V
itself (V' € V). Then one may ask whether R ¢ R. Tt is true, since if R € R we should have
R ¢ R by the definition of R. However, R € R is also true, since we already have R ¢ R, which
means that R follows the property of R, so it should be in R. And that leads to a contradiction.

Some people have some misunderstanding that the key reason of Russell’s paradox is that
all the objects in set theory are sets. For example, in set theory 0 := {}, 1 := {{}}, so we have
a fact that 0 € 1, this is meaningless in mathematics. Such theorems are called junk theorems.
While in Russell’s paradoxical set, the property & ¢ x is a meaningless proposition. In type
theory (including Russell’s type theory), objects are separated into types, so that one cannot
construct Russell’s paradoxical set.

3 Constructing Russell’s paradox in type theory
We assume that we are in a type theory with a single universe U such that U : /. We define
a type representing subsets of all types..

V.U
V::Z(A—H/{)

AU
We will use the following notation,

{r:A| Plx)}:=(A,P):V
where P: A — U.
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2 3 CONSTRUCTING RUSSELL’S PARADOX IN TYPE THEORY

As examples, we have such definitions,

N:={n:Nat | T}
ZT :={n:Int | n >0}
Before we construct the paradoxical set, we need the ”element of” operation. Let us try,
(Ea): A=V U
a€s{z:B| Plx)}:=P(a)

Here a : A but P : B — U, so we require an operation to transport « : A to = : B.
Thus we define,

coeap : 1dy(A,B) - A— B

coeap (refl, a) :==a

coe-eqy : H H Id4(a, coe(h,a))

(:A) h:Id(A,A)
coe-eq 4 (z,refl) := refl

(Ea): A=V = U
a€qaf{z:B|Px)}:= Z P(coe(h,a))
h:Id(A, B)

Note that the definition of coe and coe-eq used dependent pattern matching, coe can be
easily defined with J-rule, but coe-eq require not only J-rule but also K-rule, equivalently, UIP.

And also, we do not even need to define coe, if we are using extensional type theory[4], the
a: A can be directly transport to a : B under the assumption h : Id(A, B).

We also write (€) := (€y) for short. This means that sets can appear in both sides of (€).
This is exactly what we need in the paradoxical set.

After that we can construct the paradoxical set,

Ri={x:V |z &z}
where x g x :=x €x — L.
Thus we have,

lemmal : R¢ R
lemmal (h,p) := p(substyg.zc.(coe(coe-eq(R, h)), (h,p))
Where for P: A — U, substp : Ida(x,y) — P(z) — P(y) is defined by,
substp (refl,p) :==p
We can illustrate the proof in English. Assuming we have H : R € R, to show |, we first
split H (since R € R is a sigma-type) into h : Id(V,V) and p : coe(h, R) & coe(h, R). Since

we have coe-eq(R, h) : Id(R, coe(h, R)), we can use it to rewrite the type of p and get R ¢ R,
which is contradict to H : R € R.
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With lemmal, construct R € R is easy,
lemma2: R € R

lemma2 := (refl, lemmal)

Conclusion
This note illustrates that it is possible to naively encode Russell’s paradox in type theory.

However, the construction strongly depends on UIP, hence it will not be able to formalize in
homotopy type theory[5] where UIP cannot be assumed. One may try to change the definition
of Vto V=3 ,,1sSet(A) x (A — P). This will fail because V itself is not a set, making
it impossible to construct R. The whole construction has been formalized in Agda prover and
Rocq prover with universe checking off[6].
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